Abstract. We first show that for a bounded pseudoconvex domain with a manifold quotient of finite-volume in the sense of Kähler-Einstein measure, the identity component of the automorphism group of this domain is semi-simple without compact factors. (2). We show that for a contractible HHR/USq complex manifold D with a finite-volume manifold quotient M , if D contains a one-parameter group of holomorphic automorphisms and the fundamental group of M is irreducible, then D is biholomorphic to a bounded symmetric domain. This theorem can be viewed as a finite-volume version of Nadel-Frankel's solution for the Kahzdan conjecture, which has been open for years.
1. introduction D. Kazhdan conjectured that any irreducible bounded domain with a one-parameter group of holomorphic automorphisms and a compact quotient is biholomorphic to a bounded symmetric domain. Frankel [Fra89] first proved this conjecture for the case that the bounded domain is convex. Subsequent works by Nadel [Nad90] and Frankel [Fra95] completely confirmed Kazhdan's conjecture. How to extend it to the finite-volume quotient case, containing the Teichmüller space of Riemann surfaces, is a well-known open problem in geometry and complex analysis. The main purpose of this article is to study this open problem and related topics.
Recall that the proof of Kazhdan's conjecture consists of two parts:
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(1). It was shown that the identity component of the automorphism group of the bounded domain in Kazhdan's conjecture is semi-simple (see [Fra89, Theorem 10 .1] or [Nad90, Theorem 0.1]) without compact factors (see [Nad90, Theorem 0.1]).
(2). Frankel in [Fra95] applied part (1) above and strong harmonic map techniques (see Theorems 1.3, 2.3, 3.1 and Prop. 4.2 in [Fra95] ) to complete the solution of Kazhdan's conjecture.
In this paper, we will prove cetain finite-volume versions of the NadelFrankel theorem [Fra95, Theorem 0.1] on the solution of Kazhdan's conjecture. As in part (1), in the finite-volume case we will firstly show that the identity component Aut 0 (D) of the automorphism group of the bounded domain D is semi-simple without compact factors. For this part, we will follow some ideas of Frankel [Fra89] . One may see the following subsection 1.1 and section 3 for more details. For the second part, it is not easy to extend the work of Frankel in [Fra95] to the finite-volume case by using harmonic map techniques. In this paper we will develop a complete different method (without using harmonic map techniques) as in [Fra95] . Except the complex two dimensional case, we will use cetain Lie group theory and ℓ 2 cohomology theory to show that if Aut(D) is not discrete,
where K is the maximal compact subgroup of Aut 0 (D). This in particular implies that D is biholomorphic to a bounded symmetric domain. One may see the proof of Theorem 1.7 in section 5 on details.
1.1. Semisimple without compact factors. Let M be a connected compact complex manifold with ample canonical bundle,M be the universal covering space of M and Aut 0 (M ) be the identity component of the automorphism group Aut(M ) ofM . Nadel proved Theorem (Nadel) . [Nad90, Theorem 0.1] The group Aut 0 (M ) is a real semisimple Lie group without compact factors.
In the important special case thatM is a bounded domain in C n , this theorem was obtained by Frankel [Fra89, Theorem 10 .1]. And the theorem above is crucial in [Fra95] to complete the confirmation of Kazhdan's conjecture. And Frankel asked Question 1.1. [Fra95, Page 296] How to extend the theorem of Nadel to the finite volume case?
It is known that a bounded domain with a compact manifold quotient is pseudoconvex. And the works of Cheng-Yau [CY80] and Mok-Yau [MY83] tell that there always exists a complete Kähler-Einstein metric on a bounded pseudoconvex domain. Clearly the Kähler-Einstein metric induces a natural measure which is called the Kähler-Einstein measure. We denote it by Vol KE . Our first result is to give a positive answer to Question 1.1 for the case thatM is a bounded pseudoconvex domain. More precisely, Theorem 1.2. Let D be a bounded pseudoconvex domain with a manifold quotient M satisfying Vol KE (M ) < ∞. Then Aut 0 (D) is a real semisimple Lie group without compact factors.
The group Aut 0 (D) above could be trivial. In the following subsections applications of Theorem 1.2 in different settings will be discussed.
1.2. Bounded domains in C 2 . It is known that any bounded symmetric domain in C 2 is biholomorphic to either the bi-disk D × D or the complex two dimensional unit ball B. The first application of Theorem 1.2 is the following rigidity result in the complex two dimensional case, which may be viewed as a finite-volume version of [Nad90, Theorem 0.2] for the case that M is a bounded pseudoconvex domain. More precisely, Griffiths [Gri71] constructed a complex two dimensional contractible bounded domain D as the universal covering space of a Zariski open set. He proved that this domain is biholomorphic to a bounded pseudoconvex domain by using the theory of simultaneous uniformization of Riemann surfaces due to Bers. This domain D is a disc fibration over the unit open disc, which holomorphically covers a manifold M which is a surface fibration over a surface S. One may refer to [GD08, GR15, Ima83, Sha77] for related topics. The following question was listed by Fornaess and Kim, which has been open for four decades. Shabat [Sha77, Theorem 3] showed that Aut(D) is discrete provided that either the base or each fiber of M is compact. The difficult part of Question 1.4 is the case that both the base and the fibers of M are open surfaces. As a direct application of Theorem 1.3, in this paper we give an affirmative answer to Question 1.4. Theorem 1.5. Let D be the complex two dimensional bounded domain constructed by Griffiths [Gri71] which is not biholomorphic to the bi-disk D×D. Then the automorphism group Aut(D) is discrete.
1.3. HHR/USq complex manifolds. As in [LSY04, LSY05] , a complex manifold D of dimension n is said to be holomorphic homogeneous regular (HHR) if there exists a constant a ∈ (0, 1] such that for any p ∈ D there is a holomorphic map f p : D → C n satisfying 
When D has complex dimension greater than or equal to 3, if we let D = B × T g,m (3g + m ≥ 5) where B is a bounded symmetric domain, then it is easy to see that D is HHR/USq, and admits a finite-volume quotient because both B and T g,m are HHR/USq and do admit finite-volume manifold quotients. Moreover, Aut(D) is not discrete because Aut(B) ⊂ Aut(D) is not discrete. However, D is not symmetric because T g,m is not symmetric. So it requires more assumption for any possible generalization of Theorem 1.6 to higher dimensions.
We say that a group Γ is irreducible if any finite index subgroup of Γ can not split, that is, any finite index subgroup Γ ′ of Γ is not of form Γ 1 × Γ 2 where Γ i (i = 1, 2) cannot be trivial. Another application of Theorem 1.2 is the following one, which may be viewed as a finite-volume version of the Nadel-Frankel theorem [Fra95, Theorem 0.1] for the case thatM is HHR/USq and dim C (M ) ≥ 3. Theorem 1.7. Let D be a contractible, complex n (n ≥ 3)-dimensional, HHR/USq complex manifold with a finite-volume manifold quotient M whose fundamental group π 1 (M ) is irreducible. Then either
Remark 1.8. It is known that the Teichmüller space T g,m of Riemann surfaces of genus g with m punctures is contractible and has a finite-volume manifold quotient; the mapping class group is irreducible; and T g,m (3g+m ≥ 5) is not symmetric. Thus, a direct consequence of the theorem above is that Aut(T g,m ) (3g + m ≥ 5) is discrete, which is due to Royden [Roy71] . Remark 1.9. If the Kähler-Einstein metric (or any Aut(D)-invariant Riemannian metric which is equivalent to the Kähler-Einstein metric) on D has nonpositive sectional curvature, the works in [Bal85, BS87, Ebe82, EH90] imply that D is isometric to a symmetric space provided that Aut(D) is not discrete. Here we do not have any assumption on the sectional curvature of the Kähler-Einstein metric, although it is known that the sectional curvatures are bounded (one may see Theorem 2.2 for more details).
Remark 1.10. To our best knowledge, Theorem 1.7 is new even for the case that D is a strictly convex bounded domain.
If M is compact, as stated above, Theorem 1.7 is due to Frankel-Nadel [Nad90, Fra95] . One may refer to [CFKW02, IK99, Siu91, Won77, Won81, Yau11, Zim17b] for related topics. Throughout this article we always assume that the quotient manifold (also including the subsequent ones) is open.
We enclose this subsection by the following characterization for bounded symmetric domains, which is also an application of Theorem 1.2. Theorem 1.11. Let D be a contractible HHR/USq complex manifold with a finite volume quotient manifold M such that the fundamental group π 1 (M ) < Aut 0 (D). Then D is biholomorphic to a bounded symmetric domain.
Comparing to Theorem 1.7, the fundamental group of the quotient manifold in Theorem 1.11 is not required to be irreducible.
Bounded convex domains.
A remarkable theorem of Frankel [Fra89] says that a bounded convex complex domain with a compact quotient is biholomorphic to a bounded symmetric domain, which confirmed a conjecture of S.-T. Yau [Yau87] . It is an open problem that whether the condition on a compact quotient in Frankel's theorem can be replaced by a finite-volume quotient. One may see [Siu91, Page 124] in Siu's survey for more details. We state the following conjecture which is well-known to experts. Conjecture 1.12. A bounded convex domain with a finite-volume manifold quotient is biholomorphic to a bounded symmetric domain.
Recall that it is known by [Fra91, KZ16] that a bounded convex complex domain is always HHR/USq. As stated before, the measure on the finitevolume quotient is induced by a metric which is equivalent to the classical Kobayashi metric, such as the Kähler-Einstein metric.
A special case of Conjecture 1.12 (e.g. [Siu91, Conjecture 3.7] ) is that the Teichmüller space T g,m (3g + m ≥ 5) is not biholomorphic to a bounded convex domain. Kim [Kim04] showed that the image of the Bers embedding is not convex in C 3g+m . Recently Markovic completely [Mar] solved this conjecture by showing that the Kobayashi metric and the Carathéodory metric do not coincide on T g,m . Then by work of Lempert [Lem87] the Teichmüller space T g,m can not be convex.
The following two corollaries give positive evidences to Conjecture 1.12. The first one is a direct consequence of Theorem 1.7 and 1.11. If the bounded domain is convex, we have the following two rigidity results, which are partial answers to Conjecture 1.12 and 1.15. And the hypothesis only assumes that the convex domain has C 1 -smooth boundary. Theorem 1.16. Let D ⊂ C n (n ≥ 3) be an irreducible bounded convex domain of C 1 -smooth boundary. If D has a finite-volume manifold quotient whose fundamental group is irreducible, then D is biholomorphic to the complex n-dimensional unit ball in C n .
For complex two dimensional case, the condition on irreducible in Theorem 1.16 can be removed. More precisely, we have Theorem 1.17. Let D ⊂ C 2 be an irreducible bounded convex domain of C 1 -smooth boundary. If D has a finite-volume manifold quotient, then D is biholomorphic to the complex two dimensional unit ball B.
We remark here that there is no regularity assumption on the boundaries of the complex domains in this article, except the ones in Theorem 1.16 and 1.17. And we also remark that the manifold quotients in the theorems in this introduction are always assumed to be open.
Recently, A. Zimmer [Zim18] claims a solution of Conjecture 1.15.
Plan of the paper. In Section 2 we give some necessary backgrounds for bounded pseudoconvex domains and HHR/USq complex manifolds. And we also provide some necessary propositions for Aut(D) and the fundamental group of the quotient manifold. In Section 3 we will complete the proof of Theorem 1.2, that is to show that for a bounded pseudoconvex domain D with a finite-volume manifold quotient, the identity component of Aut(D) is a real semisimple Lie group without compact factors. Then we will apply Theorem 1.2 to different settings in the subsequent sections. In Section 4 we will finish the proofs of Theorem 1.3 and 1.5. In Section 5 we will complete the proofs of Theorem 1.6, 1.7 and 1.11. In the last section we will prove Theorem 1.16 and 1.17 by using Theorem 1.6 and 1.7. 
Notations and Preliminaries
This section contains general facts and necessary propositions for the proofs in subsequent sections. The general notation we use is as follows: 2.1. Kähler-Einstein metric. Our work highly relies on the Kähler-Einstein metric. We summarize the results needed.
Let D be a bounded pseudoconvex domain. One may refer to the book [Dem] for general theory for bounded pseudoconvex domains. Cheng-Yau [CY80] showed that there always exists a complete Kähler-Einstein metric on a bounded pseudoconvex domain of C 2 -smooth boundary. Later MokYau [MY83] removed the assumption on C 2 -smoothness for the boundary. More precisely, Assume that D has a finite-volume manifold quotient M , that is, D holomorphically covers M and M has finite volume in the sense of a measure induced from certain metric ds 2 which is equivalent to the Kähler-Einstein metric on D. In particular, the works in [LSY04, Yeu09] tell us that the metric ds 2 can be chosen to be any one of the Carathéodory metric, Kobayashi metric, Bergman metric and Kähler-Einstein metric. We consider the complete Kähler-Einstein metric on M , which is induced from the Kähler-Einstein metric ω on D.
We say that M has bounded geometry if From [Yeu09, Corollary 2] we know that M is a quasi-projective variety. It is well-known that a quasi-projective variety is a finite CW-complex (one may see [Dim92] for more details).
We enclose several properties for the above groups, which will be used in subsequent sections.
The following lemma is well-known.
Lemma 2.3. If D is contractible, then the group Γ is torsion-free, so is Γ 0 .
Proof. It directly follows from the classical Smith Theorem. Or let A be a finite subgroup of Γ. Since D is contractible, the cohomology dimension of D/A is the same as the cohomology dimension of A. Since M = D/Γ is a manifold, D/A is a manifold. In particular D/A has finite cohomology dimension. On the other hand, since A is finite, the group A has infinite cohomology dimension, which is a contradiction.
Proposition 2.4. If D is contractible, then the Euler characteristic number satisfies that the signature
In particular, χ(Γ) = 0.
Proof. We follow a similar argument as in [McM00] . By Theorem 2.2 we know that M is Kähler-hyperbolic. Gromov shows that the L 2 -cohomology group of a Kähler-hyperbolic is concentrated in the middle dimension. Since M is Kähler-hyperbolic of complex dimension n, from the generalized Atiyah's Covering Index Theorem [CG85] one may get that the signature satisfies
Since D is contractible, χ(Γ) = χ(M ). So the conclusion follows.
The following proposition will be applied to prove Theorem 1.5 and 1.11.
Proposition 2.5. The cardinality of Γ satisfies
Proof. Since M has finite volume, it suffices to show that
where we use the Kähler-Einstein measure. By Theorem 2.2 we know that D has bounded geometry. In particular, the sectional curvature of D (in the sense of the Kähler-Einstein metric) is bounded and we may assume that ǫ 0 > 0 is a lower bound for the injectivity radius of D. Then the standard comparison theorem in Riemannian geometry gives that for any p ∈ D there exists a constant c(ǫ
where B(p, ǫ 0 ) ⊂ D is the geodesic ball of radius ǫ 0 centered at p. By Theorem 2.2 we know that D is complete. Since D is non-compact, we may choose a geodesic ray γ : [0, ∞) → D with an increasing sequence
It is clear that the triangle inequality gives that
The proof is complete.
Semisimple and No Compact Factor
Let D be a bounded pseudoconvex domain with a manifold quotient M of finite volume in the sense of the Kähler-Einstein measure. In this section we complete the proof of Theorem 1.2, which is divided into the following two propositions. Recall that Γ = π 1 (M ) and Γ 0 = Aut 0 (D) ∩ Γ. Before proving the two propositions above, we firstly provide the following result, which is crucial in the proofs of Proposition 3.1 and 3.2. It roughly says that the information on finite-volume of M can be transferred to Γ 0 in some sense. More precisely,
where ω is the unique complete Kähler-Einstein metric on D. From Theorem 2.1 we know that Aut(D) acts on D by isometries. Then the conclusion follows by entirely the same argument for the proof of [FW10,  Step-1 on page 94], where no special properties of T g,n and the mapping class group are applied, except that the moduli space of Riemann surfaces endowed with the candidate metric has finite volume. For completeness, we give an outline for the proof here.
Let dim C (D) = n > 0. Since D is a complete Kähler manifold, there is a natural unit sphere-bundle over D, whose fiber over each x ∈ D is the unit sphere S x of the tangent bundle of D. We also have the associated bundle E → D whose fiber is the 2n-fold product of S 2n
x . Let F(D) denote the subbundle of this bundle, with fiber the set of 2n-tuples of distinct points of S x that span the tangent space T x D of D at x. Recall that the exponential map on a complete Riemannian manifold is a local diffeomorphism. Since an isometry of D take geodesic rays to geodesic rays, one may see that the set of points of D for which an element in Aut(D) is the identity and has derivative the identity, is both open and closed. Thus, the action of Aut(D) on F(D) is free.
There is a natural Aut(D)-invariant measure on F(D), which is induced from the natural measure on E. More precisely, the bundle E → D discussed above is locally a product of form U × S 2n , where U is a neighbourhood in D and S ⊂ R 2n is the unit sphere. The Kähler-Einstein metric on D determines the Kähler-Einstein measure on D, which induces the Kähler-Einstein measure ν on U . On S, we have an induced measure µ which is given infinitesimally by the rule that, for a subset A ⊂ S x , the measure is given by the measure of the Euclidean cone of A, normalized so that the measure of 
Since Aut(D) acts freely on F(D), when restricted to W this projection is a measure-preserving homeomorphism. Now we argue by contradiction. Assume that Aut 0 (D)/Γ 0 has infinite measure, by the discussion above W would also have infinite measure, so would F(M ). However, the pushforward of the measure under the natural projection F(M ) → M is the Kähler-Einstein measure on M , which in particular tells that M has infinite Kähler-Einstein measure, contradicting to our assumption that M has finite volume with respect to the Kähler-Einstein measure. Therefore, we conclude that Aut 0 (D)/Γ 0 has finite measure. That is, Γ 0 is a lattice of Aut 0 (D). (i) Let g be the Lie algebra of Aut 0 (D). The nilpotent radical n of g is its maximal nilpotent ideal. We call the center of n the abelian radical of g which is denoted by c.
(ii) Let C = exp c and N = exp n be the corresponding subgroups in Aut 0 (D). We call C is the abelian radical of Aut 0 (D) and N is the nilpotent radical of Aut 0 (D).
For any subgroup H < Aut(D) we let N (H) denote the normalizer of H and h be the Lie algebra of H which is a subalgebra of g. Recall that given any γ ∈ N (H), Ad H (γ) : H → H is defined by
The derivative of Ad H (γ), denoted by ad H (γ), is given by
Recall that Aut 0 (D) is semisimple if and only if C is trivial, which is equivalent to c = 0. One may refer to [Fra89, Lemma 10 .3] for more details. We assume that dim(c) = l where l is a nonnegative integer.
Our aim is to show that l = 0.
From now on we assume that l > 0, and our strategy is to arrive at a contradiction.
We outline the proof of Proposition 3.1 into two steps.
(i) We follow a similar idea in step-4 in the proof of [Fra89, Theorem 10 .1] to apply a machinery of discrete subgroups of Lie groups in [Rag72] to show that C/C ∩ Γ is compact. Essentially we will check the condition ⊙ in Theorem 3.5. The idea is: if condition ⊙ in Theorem 3.5 is not true, then one follows Frankel's method to construct a non-constant subharmonic function g K on M . However, from the structure of M one can also show that such a function does not exist, which will arrive at a contradiction. (ii) Applying the result in step-1, saying that C/C ∩ Γ is compact, to construct a function g C on D such that g C is Γ-invariant. So this function can be also viewed as a function g C on M . The classical Bochner-Weitzenböck type formula could tell that g C is a subharmonic function on M . Then similar to step-1, we use the structure of M to show that g C ≡ 0 on M . However, it is known from step-2 in the proof of [Fra89, Theorem 10.1] that g C = 0 on M , which will arrive at a contradiction.
Now we begin the first step which is to show that the abelian radical C has a cocompact action. Similar as step-4 in [Fra89, Section 10] we will apply the following result.
Theorem 3.5. [Fra89, Theorem 10.14] or [Rag72, Corollary 8.28] Let G be a connected Lie group and A ⊂ G be a lattice. Let R be the radical of G, N be the nilpotent radical, and let S ⊂ G be a semisimple subgroup such that G = SR is a Levi-Malcev decomposition. Let σ be the action of S on R, that is for all s ∈ S and r ∈ R,
⊙ Assume that the kernel of σ has no compact factors in its identity component.
If C is the center N , then C/C ∩ A is compact.
In our settings we let G = Aut 0 (D) and A = Γ 0 . From Lemma 3.3 we know that Γ 0 is a lattice of Aut 0 (D). Since C ⊂ Aut 0 (D), C ∩ Γ = C ∩ Γ 0 . Thus, by Theorem 3.5 we know that the following result directly follows by verifying ⊙.
Proposition 3.6. The quotient C/C ∩ Γ is compact.
Verifying ⊙. We argue by contradiction. Assume that ⊙ is not correct. First we use a similar argument in step-4 in the proof of [Fra89, Theorem 10.1] to construct a Γ-invariant subharmonic function on D, and then use a similar argument in [Wu17] to conclude that this function is the constant zero function, which in particular implies that any compact factor in the kernel of σ is trivial.
More precisely, similar to Theorem 3.5, let S ⊂ Aut 0 (D) be a semisimple subgroup such that Aut 0 (D) = SR is a Levi-Malcev decomposition where R is the radical of Aut 0 (D). Since S is semisimple, there exists a unique maximal compact factor K of ker σ. In particular K is also semisimple. On the level of Lie algebras, the Lie algebra k of K is a factor of g. It is clear that Γ ⊂ N (K) because K is characteristic in S. Thus, for any γ ∈ Γ, the map
is well-defined. Actually it is an isometry since the Killing form is a canonical bi-invariant metric on k.
Let {X i } 1≤i≤k be an orthonormal basis for k where k = dim(k). Define a function
As above we know that ad K (γ) acts on k as an isometry. By Theorem 2.1 we also know that γ acts on D as an isometry. Then we have,
Thus, we have for any γ ∈ Γ and x ∈ D,
Recall that the Kähler-Einstein metric on M has constant Ricci curvature −1. It follows from [Fra89, Lemma 10.15 ] that for all p ∈ M ,
where ∆ is the Beltrami-Laplace operator in the sense of the Kähler-Einstein metric on M . In particular we have for all p ∈ M ,
Next we will show that f K is a constant function. Let g t denote the flow generated by the vector field grad f K . From Theorem 2.1 we know that D (endowed with the Kähler-Einstein metric) is complete. In particular M is complete. Thus, g t is well defined for all t ≥ 0.
Suppose that f K is not a constant. We let p 0 ∈ M such that grad f K (p 0 ) = 0. Along the flow line of g t starting at p 0 , f K is increasing since for all s 2 > s 1 ≥ 0,
That is,
Since we assume that grad f K (p 0 ) = 0, let s 2 = 1 and s 1 = 0 we have
Therefore there exists a small enough constant r 0 > 0 such that
where B(p 0 , r 0 ) ⊂ M is the geodesic ball centered at p 0 of radius r 0 .
In particular we have
Inequality (3.2) and equation (3.3) give that
Otherwise there exist two positive integers n 0 > m 0 ≥ 1 and q 1 , q 2 ∈ B(p 0 , r 0 ) such that g n 0 (q 1 ) = g m 0 (q 2 ). Since g t is a flow, g n 0 −m 0 (q 1 ) = q 2 which contradicts equation (3.4).
On the other hand, for any t 0 > 0 (we use Proposition 18.18 in [Lee13]), we have
That is the flow g t is volume non-decreasing.
Thus, equation (3.5) and inequality (3.7) give that
Vol(B(p 0 , r 0 )) = ∞ which contradicts our assumption that M has finite volume.
Thus, f K is a constant function. By equation (3.1) we know that
Therefore, K is trivial. The verification of condition ⊙ is complete.
We now begin the second step in the outline of the proof of Proposition 3.1 to complete the proof.
Proof of Proposition 3.1. We first recall a subharmonic function g C constructed in step-1 in the proof of [Fra89, Theorem 10.1] and then use the result in our first step to show that this function g C is the zero constant function. On the other hand, by work in [Fra89, Section 10] one knows that this function is not always zero, which will arrive at a contradiction. 
It is clear that φ C is a homomorphism. From Proposition 3.6 we know that the quotient C/C ∩ Γ is compact. By Let {X i (x) ∈ T 1,0 D} 1≤i≤l be complete holomorphic vector fields on D giving a basis for the Lie algebra c (tensor over C). For x ∈ D, we define
Similar as in the proof of step-1 above, we have for any γ ∈ Γ and x ∈ D,
Thus, for any γ ∈ Γ and
where we apply equation (3.9) for the last equality. Thus, g C descends to a function, still denoted by g C , on M . Let ∆ is the Beltrami-Laplace operator in the sense of the Kähler-Einstein metric on M . Recall that the Kähler-Einstein metric on M has constant Ricci curvature −1. It follows from the classical Bochner-Weitzenböck type formula [Fra89, Lemma 10.5] that for all p ∈ M ,
In particular we have for all p ∈ M ,
Thus we get a subharmonic function g C on M . Recall that M is complete and has finite volume. Then we apply the totally same argument in step-1 to conclude that Remark 3.7. In the proof of Proposition 3.1, besides the existence of a complete Kähler-Einstein metric of negative Ricci curvature on D, the assumption that D is a bounded domain is only applied in (3.12) to arrive at a contradiction to (3.11). Actually the proof of Proposition 3.1 yields the following result. 3.2. Aut 0 (D) has no compact factor. In this subsection we will finish the proof of Proposition 3.2.
Proof of Proposition 3.2. We argue by contradiction.
Assume that Aut 0 (D) contains a nontrivial compact factor I. By Proposition 3.1 we know that Aut 0 (D) is semisimple. Then we may assume that K ⊂ Aut 0 (D) is the maximal compact factor containing I. On the level of Lie algebras, the Lie algebra k of K is a factor of g. Since K is characteristic in Aut 0 (D), Γ ⊂ N (K). So the map ad K (γ) : k → k is well-defined for any γ ∈ Γ. Since the Killing form is a canonical bi-invariant metric on k, for any γ ∈ Γ ad K (γ) : k → k is an isometry.
Similar to the argument as in step-1 in the proof of Proposition 3.1 we let {X i } 1≤i≤k be an orthonormal basis for k where k = dim(k). And define a function
As above we know that ad K (γ) acts on k as an isometry. By Theorem 2.1 we also know that γ acts on D as an isometry. Thus, we have for any γ ∈ Γ and
Then we apply [Fra89, Lemma 10.15] to get that for all p ∈ D,
Again we get a nonnegtaive subharmonic function on M . Recall that Theorem 2.1 tells that D is complete. In particular M is complete and has finite volume. Then we can apply the same argument as in step-1 in the proof of Proposition 3.1 to get
Similar to Remark 3.7, the proof of Proposition 3.2 yields the following result.
Theorem 3.9. Let M be a complex manifold which admits a complete Kähler-Einstein metric of negative Ricci curvature and an open manifold quotient of finite volume with respect to the Kähler-Einstein measure. If M does not contain any holomorphic embedding of a complex line, then Aut 0 (M ) has no nontrivial compact factor.
Remark 3.10. Following Question 1.1, it is very interesting to know whether the assumption, that M does not contain any holomorphic embedding of a complex line, in Theorem 3.8 and 3.9 can be removed. And we also hope that Theorem 3.8 and 3.9 can be applied to study other related problems.
Bounded domains with finite-volume quotients in C 2
In this section we finish the proofs of Theorem 1.3 and 1.5. We begin by recalling the following theorem of Nadel, which is crucial in the proofs of Theorem 1.3 and 1.5. Since D has a finite-volume manifold quotient M , it follows by Theorem 3.8 and 3.9 that Aut 0 (D) is semisimple without compact factor. As in [Nad90, Section 6], by the classification of complex semisimple Lie algebras it is not possible for Aut 0 (D) to have real dimension 1, 2, 4 or 5. For the remaining of this section we always assume that
We will arrive at a contradiction.
The following result of Shabat is crucial in this section. Since Γ acts properly discontinuously on D, assertion (ii) of Theorem 4.2 can not hold; otherwise it contradicts to (4.3).
If assertion (iii) of Theorem 4.2 holds, then D/Γ is a complex one-dimensional surface. Since D is contractible, by our assumption we know that χ(Γ) = χ(M ) > 0. The complex one-dimensional surface of positive Euler characteristic number is homeomorphism to either a sphere or a disk, which in particular implies that Γ is trivial, which contradicts (4.3). Thus, only assertion (i) may happen. From the discussion above (or [Sha77, Proposition 1]) we may assume that the dimensions of the orbits of all the points are the same. We will arrive at a contradiction.
By Proposition 3.8 we know that Aut 0 (D) is semisimple. Thus, we apply [Nad90, Lemma 6.1] to get the maximal compact subgroup K of Aut 0 (D) is real one dimensional. Since the isotropy groups of Aut 0 (D) are compact, in particular they have dimension ≤ 1. Thus, from (4.2) there are only two cases to consider:
First we consider Case 1.
In this case for every point x ∈ D, the isotropy group
is a one-dimensional compact subgroup of Aut 0 (D). Define
Then F is a closed complex submanifold of D. Consider the map
It follows from [Nad90, Lemma 6.1] that for all x ∈ D, the isotropy group K x is a maximal subgroup of Aut 0 (D). Thus, this map H is bijective. Next we will show that the map H is biholomorphic. It suffices to show that H is holomorphic.
The following argument is due to Frankel [Fra89, Lemma 11.9]. For completeness, we give an outline of the proof for the holomophicity of H here. One may refer to [Fra89, Lemma 11.9] or [Nad90, Page 2018] for more details.
To prove that H is holomorphic, by the classical Hartogs' or Osgood's theorem it suffices to show that H is holomorphic separately in each factor. Firstly it is clear that the map H is holomorphic in the second variable because H(γ(x), ·) = γ(·).
Proof that H is holomorphic in the first variable. It suffices to show that for a fixed point y ∈ F the induced map, still denoted by H, H : Aut 0 (D)/K x → D defined by H( * ) = H( * (x), y) is holomorphic (for one of the two choices of homogeneous complex structures on Aut 0 (D)/K x ). It is reduced to show that the orbit Aut 0 (D) · y is a complex submanifold of D. For this by homogeneity it suffices to show that the real tangent space to the orbit Aut 0 (y) at y is J-invariant where J is the complex structure tensor for D. At the point x ∈ D we have the following direct sum decomposition of real tangent vector spaces as
Since K x acts trivially on the second summand the nontrivially on the first, we see that the summands are J-invariant since the action of K x on T x (D) commutes with the action of J.
Therefore, we have that the map H is biholomorphic. From [Nad90, Lemma 6.1] we know that the orbit Aut 0 (D) · x = (Aut 0 (D)/K x ) · x is biholomorphic to the unit disk D. Since D is contractible, F is simplyconnected. The uniformization theorem of Riemann surfaces implies that F must be biholomorphic to P 1 , C or D. Thus, Aut 0 (F ) ≥ 2. Therefore, we have
which contradicts to (4.2). Now we consider Case 2. As above we know that only assertion (i) of 
It is not hard to see that T is a manifold and the action above induces a natural map Before proving Theorem 1.5, let us recall some basic facts of the bounded pseudoconvex domain constructed by Griffiths [Gri71] . Let V be an irreducible, smooth, quasi-projective algebraic variety over the complex numbers. The main results in [Gri71] are has finite-volume and uniformly negative holomorphic sectional curvatures.
We just consider the case that dim C U = 2. It follows from [Gri71, Lemma 2.2] that the Zariski neighborhood U in Theorem 4.3 satisfies that there exists a Riemann surface S g 1 ,n 1 of genus g 1 with n 1 punctures and a rational holomorphic map π : U → S g 1 ,n 1 which is a locally trivial smooth fibration such that each fiber π −1 (s) is a Riemann surface S g 2 ,n 2 of genus g 2 with n 2 punctures. It is clear that both S g 1 ,n 1 and S g 2 ,n 2 have negative Euler characteristic numbers. Thus, the universal covering D of U is a disc fibration over the unit open disc. Now we are ready to prove Theorem 1.5.
Proof of Theorem 1.5. First by Theorem 4.3 one knows that D is biholomorphic to a bounded pseudoconvex domain. By Theorem 2.1 there always exists a complete Kähler-Einstein metric ω on D, which descends to a complete Kähler-Einstein metric, still denoted by ω on U because π 1 (U ) ⊂ Aut(D).
In particular, the Ricci form Ric (U,ω) = −ω. Then one may apply [Gri71, Proposition 7 .3] to get that Vol((U, ω)) < ∞.
Since both the base and fibers of locally trivial smooth fibration π : U → S g 1 ,n 1 are Riemann surfaces of negative Euler characteristic numbers, the Euler characteristic number 
HHR/USq complex manifolds with finite-volume quotients
In this section we firstly finish the proof of Theorem 1.6 by applying Theorem 1.3, and then prove Theorem 1.7 and 1.11. Then the conclusion directly follows by Theorem 1.3.
The proof of Theorem 1.6 highly depends on the assumption dim C (D) = 2. For higher dimensional case, before we prove Theorem 1.7 and 1.11, we prepare two propositions which have their own interests: one is to show that the group Aut 0 (D) has finite center; and the other one is to show that up to a finite-index subgroup, Γ must split such that one factor is just from Γ 0 .
We first show that 
where
which is a finite index subgroup of Γ 0 . Proof. Consider the exact sequence
Our aim is to show that after replacing Γ by a finite index subgroup Γ ′ if necessary, the exact sequence above splits as a direct product.
It 
It is well-known that Isom(Γ 0 \ Aut 0 (D)/K) is a finite group (one may refer to [Yam85, Theorem 2] for a more general statement). Thus, the image ρ 2 (Γ/Γ 0 ) is finite. Up to a finite index subgroup of Γ if necessary, we may assume that the representation ρ 2 is trivial. Thus, the conjugation action of Γ on Γ 0 is only by inner automorphisms of Γ 0 . As above we know that the center Z(Γ 0 ) is trivial. Therefore, the representation
is trivial. The proof is complete. Now we are ready to prove Theorem 1.7 and 1.11.
Proof of Theorem 1.7. Case 1: Aut(D) is not discrete.
First from Theorem 5.2 we get a finite index subgroup Γ ′ of Γ such that
Recall that we assume that Γ is irreducible. Thus, either Γ ′ 0 is trivial or Γ ′ /Γ ′ 0 is trivial. Since Aut(D) is not discrete, from Lemma 3.3 Γ 0 has infinite elements. So we have Γ ′ /Γ ′ 0 is trivial. Thus,
Let K < Aut 0 (D) be a maximal compact subgroup. By Proposition 3.1, 3.2 and 5.1 we know that the quotient Aut 0 (D)/K is a noncompact type symmetric space without compact or Euclidean factors. Thus, from Lemma 3.3 we know that Γ 0 \ Aut 0 (D)/K is aspherical and has bounded geometry. Actually the injectivity radius of the universal cover Aut 0 (D)/K is infinite because it is nonpositively curved.
On the other hand, by our assumption that D is contractible and Theorem 2.2 we know that the quotient D/Γ 0 is also aspherical and has bounded geometry (in the sense of Kähler-Einstein metric).
By Proposition 2.4 we know that the Euler characteristic number
Since Γ 0 is a subgroup of Γ of finite index,
By applying [CG86, Corollary 5.2] we know that
For any x ∈ D we let K x < Aut 0 (D) be the isotropy group fixing x. It is clear that
Therefore, we get
which gives that
That is, D is homogenous. Since it has a quotient of finite-volume, D is symmetric (one may see works of Borel-Hano-Koszul [Han57] for details). Similarly we let F M be a fundamental domain for the action of π 1 (M ) on D. Since M has finite volume,
Otherwise; let {γ i } i≥1 be a sequence of coset representatives for
which is a contradiction. implying that
That is, D is homogenous. Since it has a quotient of finite-volume, D is symmetric by Borel-Hano-Koszul [Han57] .
In the proofs of Theorem 1.7 and 1.11 the key step is to show that Γ 0 is a lattice of a semisimple Lie group without compact factors of finite center. It is unclear for the relation between the HHR/USq manifold D and the semisimple Lie group Aut 0 (D). The following question is interesting. 
One conjecture
In this last section, we begin with a folklore conjecture which is stated in the introduction. And then we apply Theorem 1.7 to provide two partial answers, which are Theorem 1.16 and 1.17.
Conjecture 6.1 (=Conjecture 1.12). A bounded convex domain with a finite-volume quotient is biholomorphic to a bounded symmetric domain.
In light of Theorem 1.7, whether a one-parameter of automorphism groups of D exists is essential to study Conjecture 6.1. If the boundary of D has certain regularity, it is known that the works in [Fra89, Kim04] can produce a continuous parameter of automorphisms. Now we are ready to prove Theorem 1.16 and 1.17.
Proof of Theorem 1.16. Since the fundamental group π 1 (M ) < Aut(D), firstly by Proposition 2.5 we know that the automorphism group Aut(D) is non-compact. Thus, from our assumption that the boundary of D is C 1 -smooth, it follows from the so-called rescaling method in [Fra89, Kim04] that Aut(D) contains a continuous one parameter subgroup. One may also see [Zim17a, Proposition 5.1] for this point. In particular, Aut(D) is not discrete. Recall that a bounded convex domain is HHR/USq. Then, by Theorem 1.7 we know that D is biholomorphic to a bounded symmetric domain.
If D is of rank one, that is, the domain D is biholomorphic to the unit ball. Then, we are done.
Assume that D is of rank ≥ 2, we will arrive at a contradiction. Since D is convex, by the work of Mok and Tsai [MT92, Main Theorem] one may assume that D is the image of the classical Harish-Chandra emmbedding up to an affine linear transformation of C n . That is, D = T • τ • φ(X 0 ) where T is an affine linear transformation of C n , τ is the classical Harish-Chandra emmbedding, φ is an automorphism of X 0 and X 0 is a standard Hermitian symmetric manifold of non-compact type and of rank ≥ 2. It is known that the boundary of the Harish-Chandra emmbedding τ • φ(X 0 ) can not be C 1 -smooth since it has corners. In particular, D can not have C 1 -smooth boundary, which contradicts our assumption.
Proof of Theorem 1.17. It follows from the same argument as in the proof of Theorem 1.16 above, except the step that we apply Theorem 1.6 instead of applying Theorem 1.7 because we do not assume that the fundamental group of the quotient is irreducible.
Remark 6.2. If the bounded domain D has C 2 smooth boundary, it is known that there exists a strongly pseudoconvex point p on the boundary of D near which the geometry behaves similarly as the one in the complex hyperbolic unit ball. Under the same conditions in Theorem 1.16 or 1.17, it is interesting to know that without using Theorem 1.6 and 1.7 in this article, whether one can find an orbit in D converging to p, which would also imply that D is biholomorphic to the unit ball by works in [Won77] .
